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Plasma sheath and interest of non equidistant points

I Plasma sheath: part of hot plasma adjacent to cold wall
I Presence of steep gradient
I Sheath is best described by kinetic: it is far away from Maxwellian distributions
I Main kinetic methods: PIC (Particle in Cell) & eulerian
I Challenges:

I PIC : low density in the sheath
I eulerian: Mesh step < Debye length, with domain of one million Debye length

Non-equidistant points in eulerian simulations should help
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1D Vlasov-Poisson model

I Two species: s = e (electrons) and s = i (ions)
I Vlasov for distribution function fs = fs(t , x , v)

∂fs
∂t

+ v
∂fs
∂x
−

qs

ms

∂φ

∂x
∂fs
∂v

= Ss + Css

I Source term Ss = Ss(t , x , v) for loss of particle in the wall and kinetic source
(addition of particles and energy from the body of plasma)

I Collision operator Css = Css(t , x , v) (warning with negative values)
I qs,ms : charge and mass of species s
I Poisson for potential φ = φ(t , x)

−ε0
∂2φ

∂x2
= qi ni + qene, ns =

∫
fsdv

Simplified model to investigate plasma self-organization in contact with a wall
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Conservative laws

I Fluid quantities
I fluid density ns =

∫
fsdv

I particle flux Γs =
∫

vfsdv
I Reynold’s stress Πs =

∫
v2fsdv

I heat flux Qs = 1
2

∫
v3fdv

I Conservation equations (after normalization)
I particle density

∂ns

∂t
+

1
√

ms

∂Γs

∂x
=

∫
Ss + Cssdv

I mean velocity
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ms
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∂x
ns) =

∫
v(Ss + Css)dv

I kinetic energy

∂Πs

∂t
+

2
√

ms
(
∂Qs
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∂φ

∂x
Γs) =

∫
v2(Ss + Css)dv

Numerical conservation will be checked comparing left and right hand side
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Time discretization with Strang splitting

I X : advection in x
I V (φ): advection in v
I W : sink 1
I D: sink 2
I K : source
I C: collision
I P: Poisson: f → φ

We form

A∆t (f , φ) = (W∆t/2C∆t/2K∆t/2D∆t/2X∆t/2V (φ)∆t X∆t/2D∆t/2K∆t/2C∆t/2W∆t/2)f

and get the second order in time scheme:{
fn+1 = A∆t (fn,PA∆t/2(fn, φn))
φn+1 = Pfn+1

fn is an approx of fi/e at time tn = n∆t ; φn is the corresp. electric potential
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Semi-Lagrangian method

I we are lead to solve 1d advection equation

∂g
∂t

= A
∂g
∂z

I compute foot of characteristic: z∗
6 = z6 + A∆t

I Interpolate at time n∆t ; here, using splines
I distribution function is assumed to be constant outside of the domain.
⇒ if the foot falls outside the domain, boundary value is used

I Indeed, distribution function falls to zero in the wall and tends to zero for |v | large
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Splines
I nc is the number of intervals partitioning domain [a, b]
I d is the degree of the splines
I knot vector: [k−d , . . . , knc +d ], with

k−d ≤ k1−d ≤ · · · ≤ k0 = a < k1 · · · < knc−1 < knc = b ≤ · · · ≤ knc +d−1 ≤ knc +d

I splines are polynomials on each subdomain [ki , ki+1], for each i = 0, . . . , nc − 1
I basis functions bi,d , i = 0, . . . , nc + d − 1 defined through

I bi,0(x) =

{
1, ki < x < ki+1
0, else , i = −d, . . . , nc + d − 1

I for ` = 1, . . . , d and i = −d + `, . . . , nc + d − 1

bi,`(x) = S(ki+` − ki )(x − ki )bi,`−1(x) + S(ki+`+1 − ki+1)(ki+` − x)bi+1,`−1(x)

using S(z) =

{
1/z, z 6= 0
0, else

I definition ok for x not a knot
I Extension by continuity to knots when possible
I Taking k−d = · · · = k0 and knc = · · · = knc +d , b0,d is extended at k0 to be right

continuous and bnc +d−1,d is extended at knc to be left continuous.
I Spline function writes

Sd (x) =

nc +d−1∑
i=0

ci bi,d (x)

I ci , i = 0, . . . , nc + d − 1 are the coefficients of the splines that are to be
determined
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Interpolation at Greville points

I We define the Greville points

xi =

∑d
j=1 ki−d+j

d
, i = 0, . . . , nc + d − 1

I Applying the Schoenberg-Whitney theorem, the interpolation problem

Sd (xi ) = yi , i = 0, . . . , nc + d − 1

has a unique solution, given values yi , i = 0, . . . , nc + d − 1.
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Non uniform grid for the interpolation

I We use a weight function W (x) =
√

1 + (0.1 ∂u
∂x (x))2 for the interpolation of u(x)
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Error comparison for interpolation

I order increases as degree increases
I order of convergence slightly lower for non uniform grid
I improved choice of points leads to smaller error, except for very large number of

points
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Efficiency comparison

I Backward semi-Lagrangian advection on non-uniform splines is slower than
uniform splines

I the cost difference is much smaller on GPU
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Vlasov-Poisson case

I We replace ∂u
∂x (x) by an approximation of Lx maxt,v | ∂f

∂x (t , x , v)|
I and similarly for the mesh in v
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Negative values and conservation errors
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Distribution functions at time T = 2000
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The model

I Vlasov-Poisson model for ions and electrons
∂t fi + v∂x fi − ∂xφ∂v fi = νfe
∂t fe + v∂x fe + ∂xφ

µ
∂v fe = 0

−λ2∂2
xxφ = ρ = ρi − ρe =

∫
fi − fedv

I ν ≥ 0 is the ionization frequency: rate of creation of ions in presence of electrons
I µ = me/mi mass ratio between electrons and ions
I λ > 0 is the Debye length
I E = −∂xφ
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Numerical method
I splitting scheme

I Lagrange interpolation for advection

f n+1
j =

d+1∑
k=−d

f n
j0+k Lk (α), j = 0, . . . , J

I Lk (z) =
∏d+1
`=−−d, 6̀=k

z−k
`−k

I xj − a∆t = xj0 + α∆x , with j0 ∈ Z and 0 ≤ α < 1
I 0 values for inflow ghost points and outflow ghost points by extrapolation with

polynomial fo degree ≤ kb , interpolating (xj , f n
j ) for j = J − k − b, . . . , J.
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Numerical results

I We take λ = 1/2, µ = 1/100 and ν = 20.
I Initial conditions:

f 0
i (x , v) = mask(x , v)

exp(−v2/2)
√

2π
, f 0

e (x , v) = mask(x , v)
√
µ

exp(−µv2/2)
√

2π

I mask(x , v) = 1
2

(
tanh( x−(−0.8)

0.1 )− tanh( x−(0.8)
0.1 )

)
, for satisfying initially the

boundary conditions
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Numerical parameters

I d = 8 and periodic boundary conditions for interpolation in velocity (in v )
I d = 2 and kb = 1 for spatial interpolation (in x)
I ve ∈ [−60, 60] and vi ∈ [−50, 50]

I Lagrange interpolation of degree 3 (d = 1) for passing from ion velocity mesh to
electron velocity mesh (needed for ionization step)
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Short time results: T = 0.1

I Comparison with a Finite Difference scheme (left) with
Nx = 512, Nvi = Nve = 513 and ∆t such that CFL condition is satisfied; same
grid for vi and ve: [−60, 60]

I Semi-Lagrangian: Nx = 1024, Nvi = 2049, Nve = 8193, ∆t = 0.00025
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Short time results: T = 0.2
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T = 20

I middle: E(t , 0) = 0; right:
∫ 1
−1 E(t , x)dx = 0

I Semi-Lagrangian: Nx = 512, Nvi = Nve = 513, ∆t = 0.00025
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T = 5

I We look for a reference solution
I ∆t = 0.025 (left) ∆t = 0.0025 (right)
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T = 1,2,5 and 10

I Density ρ (left); electron distribution function (middle,right)
I Nx = 1024, Nvi = 2049, Nve = 8193 and ∆t = 0.00025 (left,middle)
I Nx = 1024, Nvi = 2049, Nve = 8193 and ∆t = 0.000025 (right)
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T = 20 again

I left : Nx = 256, Nvi = 2049, Nve = 8193 and ∆t = 0.00025
I right : Nx = 1024, Nvi = 2049, Nve = 8193 and ∆t = 0.00025
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T = 20

I left: E(t , 0) = 0
I middle: E(t , 1) = −E(t ,−1)

I right:
∫ 1
−1 E(t , x)dx = 0
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Boundary conditions

I Non standard equilibrium Badsi, Journal of Mathematical analysis
and applications , 2017

I Question:
I How well is the equilibrium preserved by the numerical scheme?
I difficulties:

I two species and realistic mass ratio µ = 1
3672

I treatment of boundary condition with large stencil interpolation
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